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Abstract
Let Γ be a smooth curve in the plane R2, and Λ be any subset of R2. When can one recover uniquely a
finite measure μ, supported by Γ and absolutely continuous with respect to the arc length measure on Γ ,
from the restriction to Λ of its Fourier transform? In this note we present two results in the subject, one is
concerned with the case when Γ is a circle, and the other with the case when Λ is “close” to a lattice.
© 2010 Elsevier Masson SAS. All rights reserved.
1. Introduction
Hedenmalm and Montes-Rodríguez presented in [1] the following problem. Let Γ be a
smooth curve in the plane R2, and Λ be any subset of R2. When can one recover uniquely a
finite measure μ, supported by Γ and absolutely continuous with respect to the arc length mea-
sure on Γ , from the restriction of its Fourier transform
μ̂(ξ) =
∫
Γ
e−i〈ξ,x〉 dμ(x), ξ ∈ R2,
to Λ? Equivalently, when is it true that μ̂|Λ = 0 implies μ = 0? If this is the case then (Γ,Λ) is
called a Heisenberg uniqueness pair (or just a uniqueness pair).
In this note we shall present two results concerning this problem.
1.1. Consider first the case when Γ is a circle. In this case μ̂(ξ) is an eigenfunction of the
Laplacian. We can then determine the answer to the uniqueness problem above for certain simple
examples of “small” sets Λ. Due to invariance under translation and rescaling (see [1]) it will be
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have the following result.
Theorem 1. Let Γ be the unit circle in R2. Then:
(i) If Λ is a circle of radius r then (Γ,Λ) is a uniqueness pair if and only if r is not a zero of
any Bessel function Jn (n ∈ Z). If Λ is the union of two or more circles then (Γ,Λ) is not
a uniqueness pair if and only if these circles are concentric and their radii are zeros of the
same Bessel function.
(ii) If Λ is a straight line then (Γ,Λ) is not a uniqueness pair. If Λ is the union of two parallel
straight lines then (Γ,Λ) is a uniqueness pair.
(iii) If Λ is the union of finitely many distinct straight lines which all intersect at one point, then
(Γ,Λ) is not a uniqueness pair if and only if all the angles between any two of these lines
are commensurable.
Parts (ii) and (iii) in Theorem 1 admit the following generalization: each straight line may
be replaced with a discrete subset of this line having Beurling–Malliavin density strictly greater
than 1/π .
Essentially the same result was obtained independently by Per Sjölin in [4].
1.2. For the second result we consider a smooth finite curve Γ such that
Γ ∩ (Γ + x) is a finite set, for any non-zero x ∈ R2. (1)
For example, Γ may be any simple closed curve with non-vanishing curvature. We will show that
in this case (Γ,Λ) is a uniqueness pair if Λ is a lattice, or if Λ is sufficiently “close” to a lattice.
Due to invariance under affine transformations (see again [1]) it will be sufficient to consider the
standard lattice Z2. We then have the following result.
Theorem 2. Let Γ be a smooth finite curve satisfying (1). Suppose that
Λ = {n + ξ(n): n ∈ Z2}, (2)
where ξ(n) ∈ R2 for each n. Then (Γ,Λ) is a uniqueness pair if
∑
|n|=0
|ξ(n)|2
|n| < ∞. (3)
Remark. It is easy to construct examples of smooth finite curves Γ not satisfying (1) such that
(Γ,Z2) is not a uniqueness pair.
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In this section we shall suppose that Γ is the unit circle in R2. Let μ be a finite measure,
supported by Γ and absolutely continuous with respect to the arc length measure on Γ . Then
there is a function f ∈ L1(T), where T = R/2πZ, such that
μ̂(ξ) =
∫
T
e−i(ξ1 cos t+ξ2 sin t)f (t) dt
2π
, ξ = (ξ1, ξ2) ∈ R2. (4)
Changing to polar coordinates ξ = (r cosφ, r sinφ) we have
μ̂(ξ) =
∫
T
e−ir cos(φ−t)f (t) dt
2π
. (5)
2.1. Proof of part (i)
Let Λ be a circle of radius r . By translation we may suppose that this circle is centered at
the origin. If the Fourier transform μ̂ vanishes on Λ, then by (5) this means that the convolution
f ∗ ψr of f with the function
ψr(t) := e−ir cos t (t ∈ T)
vanishes identically. The latter is equivalent to the condition
f̂ (n)ψ̂r (n) = 0, n ∈ Z. (6)
However, we have
ψ̂r (n) =
∫
T
e−ir cos t e−int dt
2π
= (−i)nJn(r),
where Jn is the Bessel function of order n (see [5]). It follows that if r is not a zero of any Jn
(n ∈ Z) then f must vanish almost everywhere, and hence (Γ,Λ) is a uniqueness pair. On the
other hand, if Jn(r) = 0 for some n then the non-zero function f (t) = eint satisfies (6), and so in
this case (Γ,Λ) is not a uniqueness pair.
Next we consider the case when Λ is the union of two or more circles. If these circles are
concentric and their radii are zeros of the same Jn then the function f (t) = eint shows as be-
fore that (Γ,Λ) is not a uniqueness pair. To prove the converse statement we shall exploit
the following known result: no two distinct Bessel functions Jm and Jn (where m, n are non-
negative integers) can have a common zero other than the origin (see [5, pp. 484–485]). Since
J−n(r) = (−1)nJn(r), this implies that a non-zero function f ∈ L1(T) satisfying the condition
(6) is necessarily a non-trivial linear combination of eint and e−int , where n is an integer such
that Jn(r) = 0 and which is uniquely determined up to its sign.
Consider first the case when Λ is the union of two circles. By translation and rotation we may
suppose that one of these circles has radius r and is centered at the origin, and the second one
has radius ρ and is centered at the point (a,0) on the real axis. Suppose that μ is non-zero and
μ̂ vanishes on the union of these two circles. From the vanishing on the first circle we conclude,
following the claim above, that
f (t) = Aeint + Be−int , Jn(r) = 0, (7)
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transform of the measure eiax1 dμ(x1, x2) vanishes on a circle of radius ρ centered at the origin,
which similarly yields
f (t)eia cos t = Ceimt + De−imt , Jm(ρ) = 0, (8)
for constants C, D and m ∈ Z. It follows that
Aeint + Be−int = e−ia cos t(Ceimt + De−imt). (9)
If any one of the constants A, B , C, D is zero then the function eia cos t must be a trigonometric
polynomial, and it follows that a = 0 and |m| = |n|, that is, the two circles are concentric and
their radii r and ρ are zeros of the same Bessel function. On the other hand, if none of the
constants A, B , C, D is zero then we can again conclude that |m| = |n|, this time by taking the
squared modulus of each side of (9) and comparing the corresponding Fourier expansions. We
can then assume, with no loss of generality, that m = n. Using the fact that the function e−ia cos t
is even, it then follows from (9) that
(AD − BC) sin 2nt = 0 (t ∈ T)
and therefore either n = 0 or AD − BC = 0. This implies that eia cos t is a constant function and
hence a = 0, and again the two circles must be concentric and their radii are zeros of the same
Bessel function.
Finally, if Λ is the union of three or more circles, then the result follows by applying the
argument above for each two among these circles.
2.2. Proof of part (ii)
We will need the following
Lemma 2.1. A function f ∈ L1(T) satisfies the condition∫
T
e−iu cos t f (t) dt
2π
= 0 (10)
for every u ∈ R if and only if it is odd, that is, f (−t) = −f (t) for almost every t ∈ T.
Proof. Let ν be the image of the measure f (t) dt/2π under the cosine map, that is, ν is a finite
measure supported by [−1,1] and defined by the condition
1∫
−1
ϕ(s) dν(s) =
∫
T
ϕ(cos t)f (t)
dt
2π
for every continuous function ϕ. In particular, using (10) this implies that ν̂(u) = 0 for every
u ∈ R. It follows that ν = 0, hence f must be odd. The converse statement is an immediate
consequence of the fact that the function e−iu cos t is even. 
Now let Λ be a single straight line. We may suppose by rotation that this line is the real
axis. Due to (4) and Lemma 2.1, the Fourier transform μ̂ vanishes on Λ whenever f is an odd
function. Hence (Γ,Λ) is not a uniqueness pair.
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allel to the real axis and are within distance d > 0 from it. If μ̂ vanishes on Λ then μ̂(u,±d) = 0,
u ∈ R, which implies by Lemma 2.1 that the functions e±id sin t f (t) are odd. That is,
eid sin t f (t) + e−id sin t f (−t) = 0,
e−id sin t f (t) + eid sin t f (−t) = 0,
and it follows that sin(2d sin t)f (t) = 0 almost everywhere. Hence f = 0 a.e., which shows that
(Γ,Λ) is a uniqueness pair.
2.3. Proof of part (iii)
Let Λ be the union of finitely many distinct straight lines, which all intersect at one point. By
translation we may assume that the common point of intersection is at the origin.
Suppose first that all the angles between any two of these lines are commensurable. By rotation
we can therefore assume that there is an integer n, such that the angle between each of the lines
and the real axis is of the form 2πk
n
where k is an integer. Let f (t) = sinnt , and choose a point
ξ ∈ Γ . In polar coordinates ξ = (r cos 2πk
n
, r sin 2πk
n
) and therefore by (5) we have
μ̂(ξ) =
∫
T
e−ir cos(
2πk
n
−t) sinnt dt
2π
=
∫
T
e−ir cos t sinnt dt
2π
= 0,
since sinnt is an odd 2π
n
-periodic function. Hence (Γ,Λ) is not a uniqueness pair.
On the other hand, suppose now that not all the angles between any two of the lines are
commensurable. This means that Λ contains two straight lines such that the angle α between
them is not a rational multiple of π . By rotation we may assume that the angle between each one
of these lines and the real axis is α/2. If the Fourier transform of μ vanishes on these two lines,
then Lemma 2.1 implies that both of the functions f (t − α/2) and f (t + α/2) are odd. These
properties may be expressed using the Fourier coefficients f̂ (n), n ∈ Z, in the following way:
f̂ (n)einα/2 + f̂ (−n)e−inα/2 = 0,
f̂ (n)e−inα/2 + f̂ (−n)einα/2 = 0,
and it follows that f̂ (0) = 0, and that f̂ (n) sin(nα) = 0 for each n = 0. But since α/π is irrational
this implies that f = 0 a.e., hence (Γ,Λ) is a uniqueness pair.
2.4. Remark
We have pointed out that the result remains true if each straight line is replaced with a discrete
subset of this line having Beurling–Malliavin density strictly greater than 1/π . Indeed, if U is
a discrete subset of R with Beurling–Malliavin density > 1/π then the system of exponentials
{e−ius}u∈U is complete in the space C[−1,1]. Hence Lemma 2.1 remains true if the condition
(10) is assumed to hold for every u ∈ U , and the claim follows.
3. Proof of Theorem 2
In this section we shall suppose that Γ is a smooth finite curve satisfying the condition (1),
and Λ is a perturbation of the lattice Z2 defined by (2) and such that (3) holds. We will show that
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continuous with respect to the arc length measure on Γ . We will suppose that μ̂ vanishes on Λ,
and show that μ = 0.
3.1. Since μ̂(n + ξ(n)) = 0 for each n ∈ Z2, we have
μ̂(n) = μ̂(n) − μ̂(n + ξ(n))= ∫
Γ
(
1 − e−i〈ξ(n),x〉)e−i〈n,x〉 dμ(x),
and hence
∣∣μ̂(n)∣∣ ∫
Γ
∣∣1 − e−i〈ξ(n),x〉∣∣ ∣∣dμ(x)∣∣ ∣∣ξ(n)∣∣ ∫
Γ
|x| ∣∣dμ(x)∣∣
(the integral on the right-hand side is finite, since Γ is finite). We conclude that∣∣μ̂(n)∣∣= O(∣∣ξ(n)∣∣), |n| → ∞. (11)
Remark. The above estimate was inspired by the paper [3].
3.2. Let ν be the image of the measure μ under the projection R2 → T2, that is, ν is a finite
measure on T2 defined by the condition∫
T2
ϕ(x)dν(x) =
∫
R2
ϕ(x)dμ(x) (12)
for every ϕ ∈ C(T2), where on the right-hand side we understand ϕ as a continuous 2π -periodic
function in two variables. In particular, by taking ϕ(x) = e−i〈n,x〉 this implies that ν̂(n) = μ̂(n),
n ∈ Z2, that is, the Fourier transform ν̂ is the restriction to Z2 of μ̂. Combining this property with
(3) and (11) we conclude that
∑
|n|=0
|̂ν(n)|2
|n| < ∞.
The latter condition implies, however, that if ν is non-zero then the closed support of ν is a set of
infinite 1-dimensional Hausdorff measure (see [2, pp. 132–134]). But this is not possible since ν
is supported by the image of the curve Γ under the projection R2 → T2. Hence ν = 0.
3.3. It now follows from the definition (12) of ν that ∫ ϕ(x)dμ(x) = 0 for every continuous
2π -periodic function ϕ. Equivalently, this means that the locally finite measure defined by the
sum ∑
n∈Z2
dμ(x − 2πn) (13)
is in fact the zero measure. But the condition (1) and the fact that μ has no point masses imply
that the summands in (13) are pairwise mutually singular. Since their sum is zero, each one of
them must be zero, and hence μ = 0 as we had to show.
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